We theoretically investigate coherent optical excitations of collective modes in two-band BCS superconductors, which accommodate two Higgs modes and one Leggett mode corresponding, respectively, to the amplitude and relative-phase oscillations of the superconducting order parameters associated with the two bands. We find, based on a mean-field analysis, that each collective mode can be resonantly excited through a nonlinear light-matter coupling when the doubled frequency of the driving field coincides with the frequency of the corresponding mode. Among the two Higgs modes, the higher-energy one exhibits a sharp resonance with light, while the lower-energy mode has a broadened resonance width. The Leggett mode is found to be resonantly induced by a homogeneous ac electric field because the leading nonlinear effect generates a potential offset between the two bands that couples to the relative phase of the order parameters. The resonance for the Leggett mode becomes sharper with increasing temperature. All of these light-induced collective modes along with density fluctuations contribute to the third-harmonic generation. We also predict an experimental possibility of optical detection of the Leggett mode.
I. INTRODUCTION
Since collective modes go hand in hand with spontaneous symmetry breaking, they are one of the best probes of many-body systems. When a continuous symmetry is spontaneously broken, a massless Nambu-Goldstone (NG) mode [1] [2] [3] should appear in general. In the case of U (1) symmetry breaking such as neutral superfluid 3 He and superconductors, it takes the form of an excitation of the phase of the order parameter. In superconductors, however, electrons, being charged, are coupled to the electromagnetic field, so that the NG mode is elevated to a high energy due to the Anderson-Higgs (AH) mechanism [4] [5] [6] [7] [8] , making it difficult to be observed. In the vicinity of the superconducting phase transition, the massless NG mode energy can be low when the superfluid and normal components coexist and cooperatively propagate in the form of Carlson-Goldman mode 9, 10 . In addition to these, fluctuations in the amplitude of the order parameter exist 11 as well, and their collective excitation is called Higgs mode 7, 12, 13 when the system is coupled to gauge fields. Existence of the Higgs mode in a conventional superconductor has been confirmed with Raman spectroscopy [14] [15] [16] , and more recently with terahertz (THz) spectroscopy [17] [18] [19] . Now, if we go over to multi-component superconductors, where the superconducting order parameter consists of multiple complex components, we can expect they should accommodate versatile collective modes. Indeed, superfluid 3 He is known to have multiple amplitude modes coming from spin-triplet and p-wave nature of Cooper pairs 20 . For d-wave superconductors such as high-T c cuprates, it has been group-theoretically shown 21 that they can accommodate additional amplitude (Higgs) modes coming from multiple irreducible representations of the k-dependent gap function with the D 4 point-group symmetry. As for the phase modes, multi-gap superconductors are predicted to have an out-of-phase mode between the two components of the gap function [22] [23] [24] [25] [26] [27] [28] [29] [30] , called "Leggett mode".
MgB 2 is a typical example of multi-gap superconductors 31, 32 . Its double-gap structure originates from an electronic structure around the Fermi energy that comprises σ and π bands [33] [34] [35] . Observation of the Leggett mode in MgB 2 has been reported with tunneling spectroscopy 36 , Raman spectroscopy 37,38 and angle-resolved photoemission spectroscopy 39 , while no report has so far been made for the Higgs mode. A more recent family of superconductors, the iron pnictides with high T c s, also have multi-orbital and multi-gap structures, where the electron correlation is suggested 40, 41 to bring about s ± and s ++ pairings depending on the chemical composition and/or doping level 42, 43 . Study of collective modes in such multi-band superconductors should shed a new light on their order parameter and pairing interactions. For instance, it has been predicted that competing s-and d-wave interactions can result in different collective modes for different ground states 27, 44 . Collective modes are also recently studied for systems where superconductivity coexists with diagonal orders such as spin-density wave 45, 46 or charge-density wave 47 .
Multi-component superconductors thus accommodate a variety of collective modes, but we are still in need of a systematic study for them, where the Leggett and Higgs modes should be simultaneously examined by varying relative sizes and the coupling of multiple superconducting gaps. This has motivated us to specifically pose a question: how are the Higgs and Leggett modes cou-pled to electromagnetic fields in multi-gap superconductors? In the single-band case, the Higgs mode couples to gauge fields nonlinearly 19 , which makes it possible to optically excite the mode, typically with an intense THz laser 18 . Now, for multi-component superconductors we shall reveal, based on a mean-field analysis, that each collective mode can be resonantly excited through a nonlinear light-matter coupling when the doubled frequency of the driving field coincides with the frequency of each mode, as in the single-band case. More importantly, we shall show that each of the two Higgs modes and the Leggett mode exhibits dramatically different sharpness in the resonance, depending on the interband pairing interaction (i.e., interband Josephson coupling) and temperature. The resonance itself can be interpreted as twophoton absorption by collective modes, which contrasts with Raman scattering where the energy difference between the incident and scattered photons is absorbed by elementary excitations including collective modes.
Second purpose of the present work is to examine how the light-induced Higgs and Leggett modes contribute to nonlinear optical responses, especially to the thirdharmonic generation (THG). The resonantly induced THG at the frequency of half the superconducting gap has been observed experimentally for NbN, a single-gap superconductor 18 . The THG resonance is contributed from the Higgs mode 19 and density fluctuations, the latter being pointed out to be dominant within the BCS mean-field theory 48 . In this paper, we examine THG arising from the Higgs modes and density fluctuations in twoband superconductors. They are shown to have distinct resonance features, which will open a way to experimentally probe multi-band superconductors. We also point out another THG feature specific to multi-band cases arising from the Leggett mode, where we shall discuss the possibility of detecting the Leggett mode through THG measurement. This paper is organized as follows. In Sec. II we construct a dynamical theory for two-band superconductivity in the BCS regime. In Sec. III we calculate the response of the relative phase to an ac electric field to derive the optical resonance of the Leggett mode. Section IV is devoted to the Higgs amplitude modes and their optical resonances. Section V examines the effects of finite temperatures on these modes. In Sec. VI we reveal how the light-induced collective modes will appear in THG. We summarize the results and future prospects in Sec. VII.
II. PSEUDOSPIN REPRESENTATION FOR TWO-BAND SUPERCONDUCTORS
Let us first derive the equation of motion for optically excited two-band superconductors, in terms of Anderson's pseudospins. We start with the Hamiltonian,
where subscripts α and β label the two bands, α † kσ (β † kσ ) creates an electron with momentum k and spin σ in band α(β), ǫ αk and ǫ βk are respective band dispersions measured from the chemical potential, V αα and V ββ are respective intraband pairing interactions, while V αβ (= V * βα ) is the interband pairing interaction. A(t) is the vector potential representing the laser field, which is assumed to be spatially homogeneous, i.e., the superconductor is assumed to be thinner than the penetration depth and the wavelength of light. Optical interband transitions are neglected here, because we consider the incident light (such as THz waves) with energies much lower than the interband transitions. We further ignore differences in the microscopic charge distribution of Wannier orbitals between α and β bands. In this approximation, it is known that the Leggett mode at zero momentum is not affected by the Anderson-Higgs (AH) mechanism [22] [23] [24] 28 , since the interband charge transfer associated with the Leggett mode does not induce an electric current in real space. Hence the Leggett mode is not coupled linearly to electromagnetic fields, and survives at low energies. Even when the difference in the orbital charge distributions is taken into account, it will not contribute to the long-wavelength screening (i.e., the AH mechanism), since the interband current will only occur over typical wave vectors associated with the size of Wannier orbitals. Therefore we adopt the Hamiltonian (1) in the present paper.
Let us then define the mean fields,
and
which yield a two-band BCS Hamiltonian,
with
for γ = α, β. Now it is convenient to introduce Anderson's pseudospin 49 ,
where τ = (τ x , τ y , τ z ) are the Pauli matrices with respect to the Nambu spinors. The Hamiltonian is then concisely expressed, up to a constant, as
where
is a pseudomagnetic field acting on the pseudospins, with ∆ 
We have to solve this equation to self-consistently satisfy Eq.(3), i.e.,
when V αβ is real. We shall suppress brackets denoting the expectation values hereafter.
As the initial state, we take the thermal equilibrium state, which can be obtained by diagonalizing the meanfield Hamiltonian (4) with A = 0 and assuming the thermal (Fermi) distribution of the resulting quasi-particles. In terms of the pseudospins, the thermal state is given by
where the superscript "eq" denotes the value in equilibrium, ∆ eq γ chosen real,
k B the Boltzmann constant, and T the temperature. Again, Eq. (11) is subject to the self-consistency condition (10) . This gives the gap equation for two-band superconductors, from which we can show that the sign of V αβ determines the relative phase of the two gaps: a repulsive interaction V αβ > 0 favors s ± paring (defined as those with sign reversal, ∆ α ∆ β < 0), while an attractive V αβ < 0 favors s ++ pairing (with ∆ α ∆ β > 0). Here the terminology of s ± and s ++ are adopted from those in iron pnictide superconductors 40, 42 . When the system is irradiated by a laser with small intensity, we can linearize Eq.(9) with respect to the deviations from the equilibrium,
where we have defined the deviations,
, and the effect of the laser, δb
with the superscript "eq" dropped from ∆ γ , σ x γk . We consider a linearly-polarized light, and define x axis parallel to the polarization direction. Then the electric field can be described by A(t) = A(t)x (x: a unit vector along x axis) giving
where A 2 (ω) is the Fourier transform of A(t) 2 . The above pseudospin formulation can thus be regarded as a linear-response theory to a "nonlinear" field A(t)
2 . In the following we shall solve the linearized Eq.(16) selfconsistently.
III. OPTICAL EXCITATION OF LEGGETT MODES
First we derive the solution for the imaginary parts of the gaps. Summing δσ y γk (ω) with Eq.(16) and using the self-consistent constraint Eq. (10), we obtain
being the density of states on the Fermi surface of γ-band, assumed to be constant around the Fermi energy (ǫ ≈ 0). We summarize the definition of symbols such as Eqs. (19) (20) (21) (22) in Appendix A. If we replace the k summation with an energy integral,
we obtain
where the coefficient c γ0 is defined by a series expansion,
Since we are interested in low-energy responses of superconductors, the relevant excitations are those with the energy scale ∼ ∆, far below the bandwidth in the weak-coupling regime. Thus the higher-order terms in the above expansion are of less importance, so that we neglect the c γn terms with n ≥ 2. Physical meaning of c γ0 and c γ1 retained here are simple: consider a parabolic band with an isotropic effective mass, then c γ0 is the inverse effective mass, while c γ1 vanishes. Therefore, one can roughly say that c γ0 and c γ1 measure the effective mass and nonparabolicity of an energy band, respectively.
The formalism presented here is general enough to be applicable to any band structures. It also describes the polarization dependence of the optical response, since the coefficients c γn depend on the relative angles between x axis (polarization direction of the incident light) and the crystallographic axes.
In the linearized Eqs. (13) (14) (15) , the imaginary part of ∆ γ is proportional to the phase θ γ defined by ∆ γ = |∆ γ |e iθγ . The phase difference between the two gaps is a physical (gauge-invariant) quantity, while each phase is not. Motion of the phase difference is governed by
This solution describes a resonance between the squared electric field and the Leggett mode, whose energy is determined by the frequency at which the denominator of Eq.(28) vanishes 37 ,
(29) For weak enough V αβ , the solution of this equation can be approximately given by
at T = 0, where F γ (ω) reduces to
The right-hand side of Eq. (30) is positive-definite for det λ > 0, because V αβ and ∆ α ∆ β necessarily have opposite signs (see the previous section). The mode energy (30) was originally derived by Leggett 22 . We consider a monochromatic wave turned on at t = 0, A(t > 0) = A 0 sin Ωt, for which the Fourier transform of the squared vector potential is given by
where ω on the right-hand side stands for ω − i0. Then, for small V αβ , we can show that approximately
An inverse Fourier transform gives the temporal behavior, 
whose amplitude diverges for t → ∞ (so that, strictly speaking, the linearized equation of motion fails right at the resonance and nonlinear effects will dominate in the long-time behavior). This provides a new concept of resonant excitation of Leggett mode.
When V αβ is not small, the above approximate solution cannot be used. To study the effects of increasing V αβ on the Leggett mode resonance, we examine the spectral feature of L(ω), which can be regarded as the resonance factor for the Leggett mode. As a measure of the interband coupling strength, we define a dimensionless quantity,
with λ 2 I = λ αβ λ βα . Note that L(ω) remains the same for positive and negative λ I , because, when the sign of λ I (i.e., that of V αβ ) is inverted, the sign of ∆ α ∆ β is also changed (see the previous section), and these sign changes are canceled between the denominator and numerator in Eq. (28) . Figure 1 illustrates the absolute value of L(ω) for various values of λ I at T = 0. The parameters are taken to be c α0 − c β0 = 1,
96, which are chosen for MgB 2 32,34,37 , where the interband interaction λ I = −0.19 is estimated from Ref. 34 . Energy is measured in units of the cut-off energy ω c , which is necessary to obtain a finite solution of the BCS gap equation. Here we intended to look into the peak positions relative to the gap function, so that we show the result when the modification of ∆ γ by changing λ I through the gap equation is ignored. We have qualitatively similar behavior of |L(ω)| (peak widths, etc.) when we take account of that.
When the interband coupling is relatively small, Eq.(29) has a real solution smaller than 2∆ α so that |L(ω)| diverges, as shown in Fig. 1(a) . This contrasts with the case of the relatively strong interband coupling, where Eq. (29) 
0.095 above 2∆ α , as shown in Fig. 1(b) . We define the peak frequency as the energy of the Leggett mode, ω L , and plot ω L and the halfwidth of |L(ω)| against |λ I | in Fig.  2 . For small |λ I |, |L(ω)| diverges at ω = ω L as determined by the solution of Eq. (29) , so that the halfwidth is ill-defined (or zero). By contrast, when ω L exceeds the smaller gap 2∆ α as λ I is increased, |L(ω)| stops diverging and starts to have finite widths, where both ω L and the halfwidth increase monotonically with |λ I |. Since the lifetime of the mode is roughly given by the inverse of the halfwidth, one can say that the Leggett mode is a long-lived mode only when its energy is below the superconducting gaps. This is due to suppression of the decay from the Leggett mode to lower-energy quasi-particles 38 . Even when the lifetime of the Leggett mode is finite, the peak of |L(ω)| at ω = ω L and the pole of A 2 (ω) at ω = 2Ω can constructively enhance the optical response in Eq. (27) . Thus a resonant excitation of the Leggett mode is also available for short-lived cases, while sharpness of the resonance will be degraded.
The mechanism of the light-induced Leggett mode found here can be explained as follows. In the absence of V αβ , Eq.(18) drives a rotation of the phases in the form of
This implies that a Cooper pair with charge 2e in γ-band feels an effective electrostatic potential
In single-band superconductors, this phase can be gauged out 19 , and the effective potential has no physical meaning. By contrast, a two-band system has two phase variables, which cannot be simultaneously gauged out: the phase difference is gauge-invariant. Correspondingly, a difference in the effective potential between the two bands has a physical effect: when c α0 = c β0 , an effective voltage emerges between the two bands, leading to a phase difference between the gaps. Such a phase difference is not favored in the presence of λ I = 0, because a particular relation (s ± or s ++ ) is imposed upon the ground state. Therefore, the interband Josephson coupling λ I produces a restoring force for the phase difference, which acts to induce the Leggett mode.
IV. OPTICAL EXCITATION OF HIGGS MODES
Now we move on to the real parts of the gaps. The self-consistent solution of Eq. (16) is given by
where we have defined
with c γ1 defined by Eq. (26), and α = β, β = α. The function H γ (ω) (γ = α, β) describes resonance between the squared electric field and the Higgs modes, where X γ (ω) gives rise to coupling between them. We plot |H γ (ω)| in Fig. 3 , for c α1 = c β1 = −1 and the parameters estimated for MgB 2 as in Fig. 1 . Here, too, we have shown the result when the modification of ∆ γ by changing λ I is ignored, while qualitatively similar behavior is obtained when we take account of that. The peaks at ω = 2∆ α , 2∆ β (which we call ω Hα and ω Hβ , respectively) represent the Higgs modes. Due to the interband interaction, they are coupled to each other, so that both of |H α (ω)| and |H β (ω)| exhibit two peaks at 2∆ α and 2∆ β for nonzero λ I (while they reduce to single Higgs modes in the limit λ I → 0). As in the single-band case 18, 19 and in the Leggett mode discussed in the previous section, the Higgs modes in two-band superconductors can be resonantly excited by electromagnetic waves, now at 2Ω ≃ ω Hα , ω Hβ . The two Higgs modes, however, show very different resonance features. |H β (ω)| for the larger gap has a sharp resonance peak at ω = 2∆ β for all values of λ I studied here, although the peak height somewhat decreases with increasing λ I . By contrast, the peak of |H α (ω)| at ω = 2∆ α for the smaller gap is rapidly suppressed and broadened with increasing |λ I |, and finally disappears [ Fig. 3(a) , blue curve]. We summarize the peak positions and widths of |H γ (ω)| in the peak of |H α (ω)| at ω = 2∆ α becomes rapidly broadened as |λ I | is increased, and when |λ I | exceeds a certain value, the "width" can no longer be defined. If we further increase |λ I |, the peak vanishes at a certain point. This indicates that the Higgs mode associated with the larger gap is more stable than the one associated with the lower gap, contrary to a naive expectation that a lower-energy excitation would be more stable.
The reason why the Higgs mode with the lower energy disappears can be explained as follows. For small |λ I |, the two condensates, hence the two Higgs modes, are almost independent of each other. For strong enough |λ I |, on the other hand, the two condensates are so strongly coupled that they can be regarded as almost one condensate. Its character is dominated by the component having the larger superfluid density, hence the larger gap. Therefore, only one Higgs mode with the higher energy survives for large enough interband interactions.
V. TEMPERATURE EFFECTS ON MODE RESONANCES
The effect of temperature on the sharpness of resonances is an important issue, especially from experimental points of view. It is also directly associated with the stability of the Leggett and Higgs modes, because the resonance widths are associated with lifetimes of excitations. To explore this, here we have numerically solved the gap Eqs. We summarize these by plotting the peak positions and widths for |L(ω)| and |H γ (ω)| against temperature in Fig.  6 . At T = 0, the Leggett mode has an energy ω L between the two superconducting gaps 2∆ α and 2∆ β , and has a broad width. As ω L decreases with increasing temperature, the mode energy reaches the lower gap 2∆ α at a certain point. At even higher temperatures, the mode energy ω L traces 2∆ α with a slightly narrowing width. As for the Higgs modes, their energies follow the temperature dependence of the gaps, which can be understood in terms of Eq. (39) ergy is broadened as temperature is increased, and the peak of this mode disappears at a certain temperature.
Sharpening of the Leggett mode might seem to arise because the mode becomes one of the lowest-energy excitations and thus a stable mode at high temperatures. However, this cannot explain the broadening and disappearance of the lower-energy Higgs mode, which is also degenerate with the lowest-energy excitations. Rather, this can be intuitively explained as follows. At low temperatures, Cooper pairs are basically formed through the intraband interactions, giving rise to Higgs modes primarily associated with each band (although modifications due to the interband coupling, such as a broadening of the lower-energy Higgs mode, exist). At higher temperatures, however, Cooper pairs with the smaller gap could no longer be formed if it were not for the interband coupling, since the single-band BCS critical temperature is lower for the smaller gap. Through the interband coupling, the larger gap 2∆ β makes the lower 2∆ α finite even at higher temperatures, but Cooper pairs lack α-band character there, and only the Higgs mode associated with the larger gap remains.
VI. THIRD-HARMONIC GENERATION FROM LIGHT-INDUCED COLLECTIVE MODES
Matsunaga et al. 18 have experimentally revealed that a conventional superconductor NbN illuminated with an intense THz wave emits the third harmonics. This is an intrinsic nonlinear phenomenon in superconductors 19, 48 . As mentioned in Sec.II, Anderson's pseudospins respond to A(t)
2 . Such pseudospin motions induce an electric current which is itself proportional to A(t) (as shown later).
The induced current thus follows ∼ A(t)
3 in total, and the third-harmonic generation (THG) emerges, which has been detected by a simple transmission experiment. In single-band superconductors, THG is resonantly enhanced when the doubled frequency of the pump light coincides with the superconducting gap 2∆, where the THG resonance occurs due to both the Higgs mode and density fluctuations, the latter being shown to be dominant within the BCS theory 48 . We can then raise an intriguing question of how THG should look like in twoband superconductors.
Amplitude of the emitted electric field is proportional to the induced current, so that we can concentrate on the light-induced third-order current, which is, for the two-band case, expressed as
remains constant during time evolution in the meanfield Hamiltonian (4). Because σ γk (t) responds to A(t) 2 , forced oscillations of δσ z γk (t) have a frequency 2Ω for the incident frequency Ω of A(t). The first term in Eq.(42) thus accommodates a third-harmonic component with a frequency 3Ω,
According to Eq.(16),
The first term in the bracket on the right-hand side corresponds to the Higgs-mode contribution 19 , while the last term the contribution from density fluctuations 48 . The second term gives a phase contribution, which is related to the Leggett mode as discussed later. We denote the contributions from the Higgs mode, phase (Leggett mode) and density fluctuations as j
L and j (3) d , respectively, with the total third-order current
From Eq.(38) and a function (41), the Higgs-mode contribution is reduced to
where c i γ1 is defined by
As before, x is the polarization direction of the incident light. For i = x, Eq. (48) is equivalent to Eq. (26), hence c x γn = c γn (n = 0, 1, · · · ). While X γ (ω) has no distinctive spectral feature, H γ (ω) has peak structures at ω = 2|∆ α,β | which represent the two Higgs modes, so that the THG arising from Eq. (47) is resonantly enhanced at 2Ω ≈ 2|∆ α,β |. For strong interband interactions for which the Higgs mode with the lower energy is broadened, the corresponding THG will be weaker than the higher-energy one.
Now we turn to the other contributions. Using Eqs. (17, 18, 25, 28) , the phase and density-fluctuation contributions are reduced, respectively, to
with c i γ0 defined by Eq. (48) andc
We can show that, when we take account of the screening due to the long-range Coulomb interaction, the term represented by the third line in Eq. (49) is screened out, while the same term appears as a screening effect in Eq.(50). Thus we have a screened form as
while the Higgs-mode contribution (47) is not modified by screening. Equation (52) can be reduced to
with the use of Eq. (27) . As already shown, forced oscillation of the phase difference δ [θ α (t) − θ β (t)] resonates with the Leggett mode at 2Ω ≈ ω L , so that Eq.(54) and the resulting third-harmonic is enhanced on the same condition. Thus this current represents THG from resonantly excited Leggett mode. Presence of this phase contribution sharply contrasts with the single-band cases where the phase contribution is fully screened out.
On the other hand, Eq.(53) for j
[which can be seen in Eq. (31)]. Following Ref. 48 , we call this a "density fluctuation" (because F γ (ω) has a form of densitydensity correlation function). Now, let us display a model calculation for THG. We adopt the two-dimensional square lattice with a band dispersion ǫ γk = ǫ , so that Eq.(53) vanishes for i = x. In this case, we must take account ofc x γ2 and c γ2 to precisely calculate the densityfluctuation contribution:
Numerical calculation givesc For simplicity, we consider monochromatic illumination, A(−∞ < t < ∞) = A 0 sin Ωt, i.e., A 2 (ω) = In Fig. 7(a) , we show j case, the Higgs mode contribution is, within the present mean-field formalism, subleading by a factor (∆/V ) 2 , where ∆ and V are the energy scales of the superconducting gap and the paring interaction, respectively. This is consistent with the analysis for the single-band case 48 . One can see a prominent Leggett-mode contribution with a relatively broad resonance peak of THG at Ω = ω L /2, besides sharp peaks at Ω = ∆ α , ∆ β due mainly to the density fluctuations. The Leggett-and Higgs-mode contributions do not have polarization dependence, while the density fluctuation sensitively depends on the polarization. When the incident light is polarized along the [1, 1] direction, the magnitude of the density-fluctuation reduces by a factor (∆/V ) 2 , and becomes comparable with that of the Higgs mode [ Fig. 7(b) ]. When ∆ ∼ meV and V ∼ eV as in MgB 2 , this factor should become extremely small in the present mean-field treatment, so that the leading contribution comes from the Leggett mode. The resonance peaks at Ω = ∆ α , ∆ β will be mainly generated by the Higgs mode, because the density-fluctuation contribution does not show resonance for this polarization direction [ Fig. 7(b) ].
In general, relative importance of the Leggett mode and density fluctuations in THG should depend on the band structure. In Fig. 7(a) , density fluctuations are seen to be much screened, because the band structure adopted there is nearly parabolic around the Fermi energy (i.e., for an isotropic parabolic band, the coefficient c γ0 − c 2 γ0 in Eq.(53) vanishes) 30 . In addition, the model adoped here has an electron-like band (α) and a holelike band (β), so that the coefficient c α0 − c β0 in the Leggett-mode contribution (52) is large (recall that c γ0 is approximately equal to the inversed mass). These are the reasons why the Leggett-mode contribution is prominent in Fig. 7(a) , with the situation being similar to Raman scattering in MgB 2 37 . As for the Higgs modes, effects beyond the mean-field theory (such as retardation and correlation effects) have recently been proposed to enhance the relative importance of their contribution to THG 50 . Specifically, the Higgs-mode contribution is shown, for the single-band case with general polarization, to be not necessarily subject to the reduction by the factor of (∆/V ) 2 . It would be interesting if similar effects arise in multiband systems as well. When the Higgs-mode contributions are observable, they should exhibit the lower-energy resonance at Ω = ∆ α broader and weaker than the higher-energy one at Ω = ∆ β as described above, which contrasts with the density-fluctuation contribution with both peaks sharp. Therefore, a line-shape analysis of THG resonance may help one to resolve the origin of observed data.
Another possibility for experimentally distinguishing the collective modes from density fluctuations is the dependence of THG on the direction of the polarization of light 48 . As seen in Fig. 7 , the density-fluctuation contribution strongly depends on the polarization direction of the incident light, while the Higgs-and Leggettmode contributions do not, as exemplified here for the square lattice. Polarization dependence in real materials should be dominated by actual band structures, but, roughly speaking, one can expect smaller polarization dependence of THG for collective modes than for density fluctuations, because collective modes are basically isotropic excitations (in s-wave superconductors) while density fluctuations are generally not.
VII. CONCLUSION
We have investigated collective modes resonantly excited by electromagnetic waves for two-band superconductors having different BCS gap energies. For weaker interband pairing interactions, there emerge three collective modes that can be optically excited: two Higgs modes corresponding to amplitude oscillation of two order parameters, and the Leggett mode corresponding to oscillation of the relative phase. For stronger interband interactions, which should include the case of MgB 2 , the Leggett mode and one of the Higgs modes are destabilized with their resonances weakened. At finite temperatures, the Leggett mode slightly recovers its stability, while the Higgs mode associated with the smaller gap disappears; the Higgs mode with the larger energy always remains long-lived. We further find that all of these collective modes contribute to the third-harmonic generation (THG). Specifically, we have shown that the Leggett mode can be observable in THG experiments. Density fluctuations also contribute to THG and have the same resonance frequency as the Higgs modes. A difference is that THG from the lower-energy Higgs mode is weakened by the interband interaction, while the lower-energy peak from density fluctuations is not. Such a difference along with the polarization dependence may help one to experimentally distinguish contributions from the Higgs modes and density fluctuations.
Processes beyond the mean-field approximation, such as retardation and correlation effects, may significantly affect the mode properties and nonlinear response 50 . An even more interesting possibility is the interaction between the Leggett and the Higgs modes 29 . When we consider higher-order processes beyond the linearized equation of motion, a coupling between these collective modes should appear, which is expected to lead to further features in the dynamical behavior of the order parameters. While we have concentrated on the linear regime here, the nonlinear couplings between coexisting collective modes will serve as an intriguing future problem.
Detailed experiments on the Leggett and Higgs modes will be desirable. In the case of MgB 2 , a terahertz wave will be suited for resonant optical excitations, because the superconducting gaps in this material lie in the milielectronvolt energy scale. Probing the collective modes may also be possibly applicable to the iron pnictides which are also multiband with a similar energy scale. In a broader context, a message is that the analysis of collective modes is expected to pave a new pathway for probing the condensates in multiband superconductors with intraband and interband pairing interactions, and a possibility of controlling superconductivity. Here we give analytic expressions for the parameters in terms of the model band dispersion used in Sec. VI. We have adopted the square lattice with a two-dimensional band dispersion, ǫ k = ǫ 0 − 2t(cos k x + cos k y ), (B1) where the band index γ is omitted for simplicity. Density of states, defined by Eq. (22) , then reduces to
is the complete elliptic integral of the first kind. The value on the Fermi surface is thus given as
The coefficients c 0 , c 1 defined by Eq.(26) become 
and therefore vanishes for θ = π/4. In that case, values of c 2 andc 2 are necessary to evaluate the densityfluctuation contribution, which is given by Eq.(55). Because the analytic expressions for c 2 andc 2 are complicated, we have calculated them numerically.
